THE APPLICATION OF A NEW MEAN VALUE THEOREM
TO THE FRACTIONAL PARTS OF POLYNOMIALS

TREVOR D. WOOLEY

1. INTRODUCTION

The new mean value estimates provided by recent advances in Waring’s problem
(see, in particular, [9, 10, 11, 14]) may plainly be applied to improve current esti-
mates for ||an¥||, the distance from an® to the nearest integer (which is intimately
related to the fractional part of an®). The rather recent arrival of these new esti-
mates has apparently left insufficient time for workers in the field to record in the
literature the methods required to cultivate the ensuing bounds on the fractional
parts of polynomials. In this paper we intend to fill this lacuna in the literature,
at the same time providing a technical improvement to the existing methods, this
involving the use of a derivative mean value estimate. A second objective of this
paper is the simplification of the bounds of [14, Lemma 3.2] to a convenient form
of the same asymptotic strength, the present bounds being excessively unwieldy in
many applications.

The investigation of the fractional parts of polynomials dates back to the start
of this century, with work of Weyl [13] and then Vinogradov [12]. Heilbronn [6]
refined Vinogradov’s work, and later Danicic [3] obtained the natural generalisation
to show that when « is a real number, and k is a natural number exceeding 1, then
for each € > 0 there is a real number N (e, k), such that whenever N > N (e, k), we
have

min_[lan®| < N°2"
1<n<N
There has since been extensive work on these and related problems by a number of
authors (see, for example, [1, 2]).

In this paper we shall be concerned with the situation in which k& is large, small
values of k being better dealt with elsewhere in the light of [11]. We shall require
a little notation in order to describe our results. For each s,k € N, we define J; j
to be the unique positive solution of the equation

2
Sos+logdyp =1— f (1.1)
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Theorem 1.1. Define o(k) (k> 4) by

B k(1 — 205 )
olk) =max =5

Let o € R and ¢ > 0. Then there are infinitely many n € N with |Jan¥|| < ns=o®k),

A simple optimisation yields the following corollary.
Corollary 1. The conclusion of Theorem 1.1 holds with (k)™ = (v+ o(1))k,
where v = 9.0267256 . ... Here,

_ (wHlogw —1)?
B 1-2w

where w = 0.2818257 ... is the unique positive solution of the equation w+2—w™! =
log w.

This unlocalised result may be compared with [5, Theorem 2], where a bound of
the above form is established with v &~ 14.4245. By simply taking s = k in Theorem
1.1 we deduce the following corollary.

Corollary 2. The conclusion of Theorem 1.1 holds with (ko(k))~! = 9.028.
Turning our attention now to localised bounds, we obtain the following result.

Theorem 1.2. For k > 4, define 7(k) by

B k— (k — 1)Asq
S oy v

where Ag is defined for each s € N from (1.1) by Ay = kds . Let o € R and ¢ > 0.
Then there is a real number N (e, k) such that whenever N > N (e, k),

min _||an®|| < NETTH),
1<n<N

Corollary. The conclusion of Theorem 1.2 holds with

7(k)~' = 2k(log k + loglog k + 2 + o(1)).

The latter may be compared with [1, Theorem 6.2], which gives a similar result
with 7(k)~1 = 4k(log k + loglog k + 3).

Our methods are based on estimates for the number, Sq(P, R), of solutions of
the equation

T A by =y by

with z;,y; € A(P, R), where here, and throughout,

A(P,R)={n < P : p|n, p prime = p < R}.



NEW MEAN VALUE THEOREM 3

When R = P", with 7 a sufficiently small positive number, estimates are available
for Ss(P, R) through the work of Vaughan and Wooley [9, 10, 11, 14]. In Section
2 we derive a simplification of [14, Lemma 3.2] of use in later sections, where we
shall incorporate such estimates for Sq(P, R) into the methods of R. C. Baker [1,
Chapter 6], and Heath-Brown [5, Section 5]. We are able to obtain some further
small improvements by considering bounds for the number, Uy(P, H, R), of solutions
of the diophantine equation

with
1<higi<H and z;,y, € A(P,R) (1<i<5s). (1.3)

The estimate U, (P, H, R) < H?*S,(P, R) is almost immediate on applying Holder’s
inequality. In Section 3 we will demonstrate that non-trivial estimates are available
in which a factor of H is saved. It is these estimates which we apply in Sections 4 and
5 to deduce Theorems 1.1 and 1.2. We note here that, as experts will recognise, the
methods of this paper yield the same conclusion in Theorem 1.1 with an” replaced
by an® + 3, where 3 is any real number, and « is irrational.

It transpires that the estimate established in Section 2 is of sufficient asymptotic
strength to improve slightly on upper bounds in Waring’s problem. Thus, denoting
by G(k) the smallest number s such that every sufficiently large natural number is
the sum of, at most, s kth powers of natural numbers, in Section 6 we are able to
establish the following refinement of [14, Corollary 1.2.1].

Theorem 1.3. When k is large,
log log k
G(k) <k (logk +loglogk 4+ 2 +log2 + (1 +0(1))W .

For comparison, the bound given in the aforementioned corollary is G(k) <
k(log k 4+ loglog k + O(1)).

Much of the work for this paper was completed while the author was enjoying
the hospitality of the Institute for Advanced Study, while in receipt of NSF grant
DMS-8610730, and completed with the aid of a Rackham Faculty Fellowship at the
University of Michigan. The author thanks the referee for useful comments.

Throughout, the implicit constant in Vinogradov’s notation will depend at most
on s, k, € and 1, unless otherwise indicated, and P denotes the basic parameter, a
real number sufficiently large in terms of the latter quantities. Also, we write [z]
for the integer part of =, and e(a) for ™.

2. A NEW MANIFESTATION OF A MEAN VALUE THEOREM

In this section we aim to establish a simplification of [14, Lemma 3.2], which is,
moreover, asymptotically of the same strength. The following theorem provides a
suitable result which is particularly useful when s is O(k).
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Theorem 2.1. Let k> 4 andt € N. For each s € N with 2 < s <t, define 05, as
in (1.1) and write
As =25 — k(1 —d51). (2.1)

Then given € > 0, there is an ng = no(k,e,t) such that whenever 0 < n < ny and
2<s<t,
S.(P, P") < P*te, (2.2)

Proof. We shall prove that (2.2) holds with (2.1) for each s > 2 by induction. First
observe that for each s the number d,; satisfies 0 < 655 < 1. Also, 6 4 logd is
an increasing function of § when 6 > 0. Thus the inductive hypothesis holds for s
provided that we can establish that

Sy(P,P") < p2s—k(1=0)+e
with 6 +logd < 6, +1logds i. It therefore follows immediately from the inequality
1—-2/k+log(l1—2/k) <1—4/k =02 + log bz,
and the classical estimate Sa(P, P7) < P?*¢, that the inductive hypothesis holds
with s = 2.

Now suppose that the inductive hypothesis holds for s, and write = d5 . Let
A=2s+2—k+ A, where A =k§(1—6)+ k6 — 1 and

1 1 1—6\F 1
- () (50 o3

Then it follows from [14, Lemma 3.2] that whenever 0 < n < n;(k,¢&,s), we have
Se11(P, P") < PA¢. Therefore, if we can prove that

A A

E + 10g E < 5s—|—1,k + 108; 5s—|—1,k7

then we may conclude from the above remarks that the inductive hypothesis follows
with s replaced by s+ 1.

From (2.3) we obtain

1
< —— (148627
k9_1+5( +90 )s

and hence

A=k‘5+k(1—5)9—1§k5+%§(1+521k)—1.

On writing w = (1 — §)2' 7%, we therefore deduce that

2 —w
A < .
—M( k<1+6))’
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and hence

A A 2 —w 2 —w
S e <s(1-27Y )1 log (1— —=—% ),
p T8y —5< k(1+5))+ 080 + 0g< k:(1+(5))

But a simple estimate for logx gives

o (1 2—w e 2-w (2 —w)?
& k1+06)) = k(1+0) 2k2(1+0)2
Then on writing
(2 - w)?
E =2k 29
YTt

we obtain
2 ol <otiogs— 24 B
OB S OTOR0 T LT o2

Now we observe that 2—w = 2—(1—0)2! 7% > 2—(1-4) = 1+6, and w < 2'7%. Thus
when k£ > 4, we have E < k22~F —1 < 0, and hence by the inductive hypothesis,

A A 2 25 + 2
= = <« _Z2_q1_
A + log e S 5s,k + log 5S7k 2 1 2

Then the inductive hypothesis holds with s replaced by s+ 1, and the proof of the
theorem is complete.

= 6s+1,k + 10g 68+1,k~

When s is rather larger than k, it is usually more convenient to use the expo-
nentiated version of Theorem 2.1 embodied in the following corollary.

Corollary. Let k > 4 andt € N. For each s € N with 2 < s < 't, define the real
number Ag to be the unique positive solution of the equation

A eBsl/k = el =25/k,
Then (2.2) holds with Ay = 2s — k + As. Consequently (2.2) holds with

s = 25 — k + ke 25/F,
Proof. The first assertion follows immediately on exponentiating (1.1) and writing

Ag = kb5 1. The second assertion follows on noting that Ag > 0 for each s, so that
A, < kelfQS/k‘

3. A MEAN VALUE THEOREM

We now set about obtaining estimates for the mean value Uy (P, H, R) defined
by (1.2) and (1.3), and also the mean value Vs(P, H, R), which we define to be the
number of solutions of the diophantine equation

=1

with h;, x;,y; satisfying (1.3). We start with a very simple estimate, useful when s
is even.
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Lemma 3.1. When r € N we have
Usr(P,H,R) < PPH* %28, (P,R) + H* (S.(P,R))?,

and
Vo, (P,H,R) < PEH?* %8, (P,R) + H* (S,(P,R))*.

Further, for each s € N we have the trivial estimates

Us(P,H,R) < H*S,(P,R) and V,(P,H,R) < H*S,(P,R).
Proof. Let

2€A(P,R)
Then by considering the underlying diophantine equation, for each s € N we have

2s

U,(P,H,R) = / > flah)| de. (3.1)

0 |li<h<H

Therefore, by Holder’s inequality,

1
U (P,H,R) < H* ' Y} / |f(ah)|[**da = H*S,(P, R),
0

1<h<H

by considering the underlying equation. A similar argument bounds Vi (P, H, R) in
an analogous manner, and thus the final line of the lemma holds.

We may therefore suppose that s is even, say s = 2r. We now apply Cauchy’s
inequality to (3.1) to obtain, on considering the underlying diophantine equation,

S

1
Us(P,H,R) < H/ > If(ah))? | da < H*V,(P,H,R).
0 \n<H

Thus it suffices to consider Vi (P, H, R). By Holder’s inequality, we have

2

1
Vor(P,H,R) < H*"~2 / > f@h)Pr | da.

0 \n<H

The latter integral is the number of solutions of the diophantine equation

hZ(xf - yf) = QZ(uf — vf) (3.2)
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with 1 < h,g < H and z;,y;,u;,v; € A(P,R) (1 <i <7r). Let R(n;h) denote the
number of solutions of the equation

hYy (@f —yf)=n
=1

with z;,y; € A(P, R) (1 <14 <r). Then the number of solutions of (3.2) is given by

Z (Z R(n; h)) = Z ZR(n; h)| + (Z R(0; h))
h=1 h=1

n n#0 \ h|n

H
< (PH)*Y Y R(n;h)* + (HS.(P,R))*,
n#0 h=1

by Cauchy’s inequality and a standard estimate for the divisor function. Then by
considering the underlying diophantine equation,

Vo, (P, H,R) < PEH* %8, (P,R) + H* (S,(P,R))* .

The lemma now follows immediately.

We shall now briefly outline how the new iterative method in Waring’s problem
may be applied successfully to provide non-trivial estimates for the mean value
Us(P, H, R) under more general circumstances. We begin with an estimate for a
fourth moment.

Lemma 3.2. We have Uy(P, H, R) < H3te p2te,

Proof. Write
F(a) = Z e(az®).

1<z<P
Then by considering the underlying diophantine equation, we have

2

UQ(P,H,R)S/O S Flah) dagH/O S Flag)P| S Flah)| da,

1<h<H 1<g<H 1<h<H

by Cauchy’s inequality. The latter integral is O(T'(P, H)), where T'(P, H) denotes
the number of solutions of the diophantine equation

g(a* —y*) = hauf — hous, (3.3)
with 1 < g,h1,hy < H and 1 < z,y,u1,us < P. The number of solutions of

(3.3) counted by T(P,H) in which z = y is O((HP)*™¢). Meanwhile, if z #
y, we may assign hi, ho,u;,us in at most H?P? ways, and then g, * — y and
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21 4+ 2k 2y 4 ... 4 ¢y*71 are divisors of a fixed non-zero integer. Thus, by using
standard estimates for the divisor function, the number of solutions in this case is
O((H?P?)'*¢). This completes the proof of the lemma.

We now set about constructing an iterative method for Us(P, H, R), in a manner
entirely analogous to the method of [14]. Let ¥(z,c) denote a polynomial with

integer coefficients in the variables z,c1,...,c; of degree in z at least one, and
write ¥/(z,c) for (%—‘f) (z,c). Let H, P, Q, and R be positive real numbers with

R < Q < P,and let C;, C! (1 <i<t) be real numbers with 1 < C! < C; <« P.
Let
Rs(P,Q,H,R) = R(P,Q,H,R; ¥;C,C')
denote the number of solutions of the equation
hU(z,¢) + hyah + -+ heat = g0 (2, )+ gy + - + got/F (3.4)
with
zj,y; € A(Q,R) and 1<h,g,h;,g; <H (1<j<5s),

1<z, <P Ci<e¢,c,<C; (1<i<t).
For a given real number 6 with 1 < P? < Q, let

W(P,Q,H,R;0) = W(P,Q, H,R;0;¥;C,C’)

denote the number of solutions of the equation
h(¥(z,0) = U(', ) +w* Y (huf — givf) =0
i=1

with z,2’, ¢, h, hi,g; as in (3.5) and (3.6), and
P <w< min{Q,PeR}, uj,v; € AQP? R) (1<j<s), z=2 (modw").
Finally, let
NS(P7Q7H7 R) = NS(P7Q7H; R7 lea C,C/>

denote the number of solutions of the equation (3.4) subject to (3.5), (3.6) and also
V'(z,c) =V'(,c)=0.

The lemma below relates R, to Wi.
Lemma 3.3. Let 0 = 0(s,k; V) satisfy 1 < P? < Q. Then

Ry(P,Q,H,R) < Ry(P,P? H,R)+N,(P,Q,H,R) + H*QP*"™*Ry_1(P,Q, H, R)

t
+ HP* (H Cz-) (P'R)”" W.(P,Q. H, R:0).

i=1
The implied constant may depend on V.

Proof. The proof follows that of [14, Lemma 2.2], with obvious modifications. The
condition (2.12) of that proof should be replaced by

z;D(PYh¥'(z,¢c) or y;D(P’)g¥'(<,c),
with similar changes for each occurrence of ¥’.

Now follow the same change of notation, with obvious modifications, as that
following [14, Lemma 2.2]. We record two further lemmata.
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Lemma 3.4. Suppose that for some positive real number n,
exp ((loglog P)?) < R < P".

Then for 7 =0,...,k—1, and for any constant k > 0,

J
R.(P,Q;,H,R; V;; k) < HP? (H HiMZR) (M 1R W (P,Qj, H,R; ¢4 1; V5 K).

i=1
(Here the convention that Qo = P is adopted.)

Proof. This follows precisely as in the proof of [14, Lemma 2.3], with obvious
modifications.

Lemma 3.5. For j =0,1,...,k— 1, and any constant k > 1,

J
Wo(P,Q;,H,R; ¢j11;V;; k) < PHM; 1 R (H HiMiR> Us(Qj11, H, R)
=1

+ (Us(2Qj41, H, R) - Ry(2P,2Q11, H, Ry Wj1326)) /2.
Proof. This follows the proof of [14, Lemma 3.1].

We may now follow the argument of the proof of [14, Lemma 3.2] to obtain the
following lemma.

Lemma 3.6. Suppose that t is a positive integer and p is a positive real number
with
U —k < p <2t

and satisfying the property that, given e > 0, there is a positive number ng = no(k, €)
such that whenever 0 < n < ng, then Uy(P, H, P") < H?!=1tc pute,

Define the real numbers s, 05, Ag (s = t,t + 1,...) successively by Ay = p,
0: =0, Ay = pu—2t+k, and for s > t, by

1 1 1 E— Ay !
Oy = ——+ (- ,
k+ Ag_q ko k+Ag 1 2k

Ay =As 1(1—05)+ k05 — 1,
As =28 — k + A,.

Then givent' and e’ > 0, there is anny = n1(k,€’,t") such that whenever 0 < n < m
andt <s <t
Uy(P, H, P") < H?*~1teprste

We may now apply Lemma 3.6 with ¢ = 2, and make use of Lemma 3.2. Thus,
by the argument of the proof of Theorem 2.1 we may finally conclude with the
following estimate.
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Lemma 3.7. Let A be defined as in the statement of the corollary to Theorem
2.1. Then under the same hypotheses as in the statement of Theorem 2.1, for each
k>4 and s > 2 we have

U,(P,H, P") < H?7 11 pAste,

We note that the preceding argument is really intended as a demonstration that
non-trivial estimates for Uy can be obtained. The methods of sections 4 and 5 are
most effective when k is small, and under such circumstances the estimates of [11]
supersede those of Theorem 2.1. Nonetheless, the argument of this section provides
a basis for the estimation of Us(P, H, R) through the methods of [11].

4. UNLOCALISED BOUNDS FOR FRACTIONAL PARTS OF an”

We are now in a position to obtain unlocalised bounds for the fractional parts of
an® by using estimates for U, (P, H, R) arising from Lemma 3.7 and Theorem 2.1.
This we achieve by refining an argument of Heath-Brown [5, section 5]. We shall
require the following lemma due to Harman.

Lemma 4.1. Suppose that g(n) is a non-negative function for all n, L is a
positive integer and o, s a sequence of real numbers form=1,...,N. If

N
sl < £ 3
n=1 n=1

then for any B3, there is a solution of ||, + B|| < L™, with 1 <n < N.

Proof. This is Harman [4, Lemma 5].

L

2

Given positive numbers P, M and R, we define the arithmetical function g(n) =
g(n; P, M, R) by

g(n) = card {(z,y) EN* : 2y=n, 2 € A(P,R), y € A(M,R)}.

Thus, in particular, g(n) is zero when n ¢ A(P, R), and for all n € N we have
g(n) < d(n) <. n°. We now describe the exponential sum at the core of our
argument. When N and H are large positive numbers, we define the positive
numbers P and M by P2 = NH /% and M? = NH'/*, and when a € R we write

H
S(a; H,N,R) = Z

Ye(ahn®)].

We now provide a result which bounds the exponential sum S(«a; H, N, R).

Lemma 4.2. Suppose that s € N, and that 05, is defined as in (1.1). Let o € R,
and suppose that a € Z and q € N satisfy (a,q) =1 and |ga—a| < ¢~ 1. Then when
R < N withn a sufficiently small positive number (in the context of Theorem 2.1),

S(Oé, H, N, R)232 <. qE(HN)282+€Nk68’k <q—1 + (HNk>—1/2 + qH—lN—k> )
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Proof. For the sake of conciseness, we write S(«) for S(«; H, N, R). From the
definition of g(n), it follows that

Sa)= > | > > e(ah(zy)¥)|. (4.1)

1<h<H |z€A(P,R) yc A(M,R)

Define the complex numbers of unit modulus, ¢, 5, by

S S

> elah(zy)®)| =een | D elah(zy)®)

yEA(M,R) yEA(M,R)
Also, let r. denote the number of solutions of the diophantine equation
yit s =c

with y; € A(M, R) (1 <1i <'s). Then by applying Hélder’s inequality to (4.1), we

obtain
S

[S(@) < (PHP*™ > > Y. elahzy))

1<h<H zc A(P,R) |yc.A(M,R)
= (PH)* ' > re > > exne(acha®).
c h x

A second application of Holder’s inequality yields

[S(@)P*" < (PH)*7V (o) <Z rc) (Z Tg>’

where
2s

J)= > (4.2)

1<c<sM*k

Z Z swvhe(achxk)
h x

But by considering the underlying diophantine equations, we have ) | 7. < M* and
.12 = Ss(M,R), and hence

1S()?*" < (PHM)?*G= J,(a)Ss(M, R). (4.3)

Let 74 denote the number of solutions of the equation

s 2s
> haf - > hak =d,
=1

1=s+1
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with z; € A(P,R) and 1 < h; < H (1 < i < 2s), each solution weighted by the

factor
s 2s
ngi,hi H gwhhi :
=1 1=s+1

Then by considering the underlying diophantine equation,

1
e |
0

Therefore, on making a trivial estimate, |Fq| < 7o < Us(P, H, R), since |e5 5] = 1.
On recalling equation (4.2), we have

2s

e(—vyd)d~.

ZZsm,he(yxkh)
T h

Jo(a)=" > > Fge(acd) <U(P,H,R) > > elacd)|. (44

1<e<sM* d |d|<sHP¥ |1<c<sM*

But, by using [8, Lemma 2.2] we obtain

Z Z e(acd)| < Z min{sM", |lad| '}

|d|<sHP¥ |1<c<sMk |d|<sH Pk
< M* 4+ (qHP)*(PM)*H (¢t + M~F + g~ (PM)7F).

On recalling the definitions of P and M, we have P*H = M*, and hence by (4.3),
(4.4), Lemma 3.7 and Theorem 2.1,

S(O()QSQ < qe(NH)2S(S_1)+2€H2'S_1(PM)2S_k+k55’kaH (q—l + M—k + qH—lN—k) )
Finally, we deduce that
S(Oé)Qsz < qe(NH)282+2€Nk63’k (q—l + M—k + qH—lN—k) )

This completes the proof of the lemma.

We are now in a position to prove Theorem 1.1 in a standard manner. First
note that the theorem is trivial if « is rational, so we suppose that « is irrational.
Take a/q to be a convergent to the continued fraction of «, so that (a,q) = 1 and
lqae — a| < ¢71. We take o(k) to be as in the statement of Theorem 1.1, with s the
value of the parameter corresponding to the maximum. Let ¢ be any real number
with € < ¢ < o(k), and define the real numbers N and H by

NEte®)=¢ — g2 and H = N°® =2,
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Then by Lemma 4.2, we have
S(a; H,N,R)>" <. (HN)*" Nkoswte=k/2pp=1/2,
But by using the definitions of (k) and H, we discover that
NFOskte—k/2 =1/2 o NY

where

k(1 — 205 k)

2 =2 — k(1= 200p) = = 5+

+ ¢ =2+ ¢ — 450 (k).

Thus S(a; H,N,R) = o(N). But as a simple deduction from, for example, [9,
Lemma 5.3], we have 22]21 g(n) > N, and hence S(a; H,N,R) = o (Z;V:l g(n))
Therefore, by Lemma 4.1 with L = H, it follows that

min_|lan®|| < H™! = N¢77k)
1<n<N

and Theorem 1.1 follows on taking a sequence of ¢ going to infinity.

The deduction of the corollaries to Theorem 1.1 may now be disposed of swiftly.
For Corollary 1 we take s = [Ck| + 1, with C' a positive number to be chosen later.
Then in Theorem 1.1 we have ko (k) = ( + o(1), where

4C%¢ =1 — 26,

and by equation (1.1),
d+logd=1-2C.

On eliminating C, we find that the optimal choice of parameters is determined by
the equation
§+2—6"1=logé.

Thus we obtain C' = 0.99232..., § = 0.28182..., and (~! = 9.02672.... Also, on
taking s = k in Theorem 1.1 we obtain 4ko (k) > 1 — 2§, where by equation (1.1),
0 +logd = —1. Corollary 2 follows with a little calculation.

5. LOCALISED BOUNDS

We now turn our attention to the matter of obtaining localised bounds for the
fractional part of an® through the estimates of sections 2 and 3. Once again we shall
make use of Lemma 4.1, this time through the vehicle of a variant of Vinogradov’s
estimate for exponential sums based on [7, section 2].

Given positive numbers P, M and R, we define the arithmetical function g(n) =
g(n; P, M, R) by

g(n)zcard{(p,x) eN? : pzr=n, pprime, P <p<2P, :I:E.A(M,R)}.
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Thus, in particular, for all n € N we have g(n) < d(n) <. n°. We now describe
the exponential sum at the core of our argument. When N and H are large posi-
tive numbers, we define the positive numbers P and M by (2P)?*~! = N*H and
M?-1 = Nk=1g=1 and when o € R we write

H
T(a;H,N,R) = Z ZgnPMR) (ahn®)|.

h=1 |n=1

Lemma 5.1. Suppose that s € N, and that As and Ass are defined as in the
corollary to Theorem 2.1. Let a € R, and suppose that a € Z and q € N satisfy
(a,q) =1, ¢ < 2(2P)* and |qa — a| < L (2P) , and suppose further that if ¢ < P,
then |ga—al > PH-'*N~F. Then when R < N, with n a sufficiently small positive
number (in the context of Theorem 2.1),

TKCM;]?7 N, R)4S <. (HN>48+E (P—lMAzs + P—lHMZAS—k) )

Proof. For the sake of conciseness, we write T'(«) for T'(o; H, N, R). From the
definition of g(n), it follows that

T)= > | >, > eclohlen))]. (5.1)

1<h<H |P<p<2P zc A(M,R)

where the summation over p is over prime numbers. Let b, denote the number of
solutions of the diophantine equation

h(e} — i) + -+ hs(al = 8) = v,
with 1 < h; < H and z;,y;, € A(M,R) (1 <1i <s). We note that b, = b_,. Also,
write Y = sHMP¥. Then by applying Hélder’s inequality to (5.1), we obtain
2 S

T()|* < H P71 Y Yol Y elah(pn)h)

P<p<2P \ 1<h<H |z€A(M,R)

= gsp*1 Z Z bye(ap™y). (5.2)

P<p<2P |y|<Y

But by the lemma of |7, section 2], it follows that

Z Z bye(ap®y) < Z bo + 2Re Z bye(ap*y)

P<p<2P |y|<Y P<p<2P 1<y<Y
1/2

€ k\1/2 2

< P? (PY + P¥) > b

ly|<Y
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We now note that PHM* =< P* and hence from (5.2),
\T(a)|4s < P2 pis=1prky, (M, H, R).
Thus, by Lemma 3.1 and the corollary to Theorem 2.1, we have
]T(a)\4s < (PMH)*s+2 (P—lMAQS 4 P—IHMQAS—k) :

and the lemma now follows immediately.

We may now prove Theorem 1.2 in a standard manner. We take 7(k) to be as
in the statement of Theorem 1.2, with s the value of the parameter corresponding
to the maximum. We take ¢ to be any real number with ¢ < ¢ < 7(k). Let N
be a large positive number, and put H = N7*)=¢_ By Dirichlet’s Theorem, we
may choose a € Z and ¢ € N with (a,q) = 1, ¢ < 2(2P)* and |ga — a| < 3(2P) 7.
Suppose first that when ¢ < P, we have |ga — a| > PH'N~*. Then by Lemma
5.1 we have

T(Oé)4s < (HN)4S—|—6 (P_lMAQS + P—IHMZAS—k> )

In view of the definition of Ay, it follows with some calculation that when k > 4,
the second term in parentheses is always smaller than the first. Then on observing
that

(HN)*P~'M?2 < NV,

where
(2h— 1) < 2(2k—1)e—k+(k—1)Ags — (1+A0,)(7(k) — ) < —4s(2k—1)(7(k)—0),

we deduce that T'(a) = o(N/log N), and consequently, T'(a) = o (Zﬁ;l g(n))
Then in this case we deduce from Lemma 4.1, with L = H, that

min_|lan®|| < H™! = N7,
1<n<N

Then we may suppose that ¢ < P and |ga — a] < PH~*N~*. Then
Haqk:H < |koé _ qk—1a| < H—lpkzN—kz < N(f)—’r(k}).
Thus
min_[lan”|| < [lag®|| < N*7T®),
1<n<N
and this completes the proof of Theorem 1.2.

To prove the corollary to Theorem 1.2, we merely apply the corollary to Theorem
2.1. Putting s = [;k(logk + loglogk + 1)] + 1, we obtain

1
Aoy < kel ™4/F < —
25 = W€ ~ logk
Thus
k_k—l
k) > log k = (2k(logk + loglogk + 2 + o(1))) .
( )_2k2(logk+loglogk+1+0(1)) (2k(logk +loglog k42 + o(1)))
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6. THE UPPER BOUND FOR G(k)

The proof of Theorem 1.3 is entirely straightforward, given the corollary to
Theorem 2.1. We put

C={x=pz : pprime, X/2<p< X, z€ AX,X")},

where X = PY/2, and write

h(a) = Z e(az®).

zel

Let m be the set of a € [0,1] such that whenever a € Z, ¢ € N, (a,q) = 1 and
lgqa — a] < PY/27% one has ¢ > X. Then as in [9, section 7], we have

sup [h(a)| <. P*rt)+e,

acm

where

1—A
k) = 5.
p(k) = max — -

On putting s = [%k(logk + loglogk + 1)] + 1, from the corollary to Theorem 2.1
we obtain the bound

p(k) > (2k(log k 4 loglog k + 2 4 o(1))) 1.

Further, by the analysis of [9, section 8|, as in [14, section 4], we have

G(k) < xgleig (3+2v+2 [222)]) :

But from the corollary to Theorem 2.1, we have A, < ke'=2Y/k. On putting
v = [1k(logk + loglogk + 1 + log 2)] + 1, we therefore obtain
A<
~ 2logk
and hence
loglog k
G(k) < k(logk +1loglogk + 1 +1log2) + k + k————(1 + o(1)).

log k

This completes the proof of Theorem 1.3.
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